Abstract. Let G be a reductive algebraic group, P a parabolic subgroup of G with unipotent radical Pu, and A a closed connected unipotent subgroup of Pu which is normalized by P. We show that P acts on A with nitely many orbits provided A is abelian. This generalizes a well-known niteness result, namely the case when A is central in Pu. We also obtain an analogous result for the adjoint action of P on invariant linear subspaces which are abelian as subalgebras of the Lie algebra of Pu. Finally, we discuss a connection to some work of Mal'cev on abelian subalgebras of the Lie algebra of G.
Introduction
Throughout, G denotes a (connected) reductive algebraic group de ned over an algebraically closed eld k of characteristic p 0 and P is a parabolic subgroup of G with unipotent radical P u . The aim of this note is the following result. Theorem 1.1. Let G be a reductive algebraic group, P a parabolic subgroup of G, and A a closed connected normal subgroup of P in P u . If A is abelian, then P has nitely many orbits on A.
The particular case when A is in the center of P u is well-known. Then the action factors through a Levi subgroup of P. In characteristic 0 the niteness follows from a result of Vinberg 41 , x2] on gradings of Lie algebras (see also Kac 15] ) and in general from work of Richardson 28, x3] . For a detailed account of the orbit structure in this situation, see 24] and 29, x2, x5].
Observe that for abelian P-invariant sub-factors in P u , the analogous statement of the theorem is false in general. Indeed, this fact is the basis for constructing entire families of parabolic subgroups which admit an in nite number of orbits on the unipotent radical, or its Lie algebra, e.g., see 25] , 26] , 30], and 31]. Examples in this context also show that a parabolic subgroup may have an in nite number of orbits on a normal subgroup of nilpotency class two, cf. 9], 16].
The modality of the action of P on the normal subgroup A is the maximal number of parameters upon which a family of P-orbits on A depends; likewise for the adjoint action of P on the Lie algebra of A, cf. 26]. The basic machinery for investigating the modality of parabolic subgroups of reductive groups was introduced in 26]. Apart from 26] there are several recent articles related to this subject. For instance, all parabolic subgroups P of classical algebraic groups with a nite number of orbits on P u are determined in 12] and 13]. Similar results for exceptional groups are obtained in 14] . In 8] all such P in GL n (k) are classi ed with a nite number of orbits on a given term of the lower central series of P u . More generally, in 25] and 32] the modality of the action of P on the Lie algebra of P u is investigated for any reductive G.
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The proof of Theorem 1.1 readily reduces to the case when G is simple, P is a Borel subgroup B of G, and A is a maximal closed connected normal abelian subgoup of B. In Section 3 we classify all such A, up to G-conjugacy (Theorem 3.1) , and in Section 5 we show in each instance that B acts on A with a nite number of orbits.
Our proof of Theorem 1.1 uses an extension of the classi cation of spherical Levi subgroups of reductive groups to arbitrary characteristic due to Brundan 7, x4 ] (see Section 4) . From that we immediately obtain a proof of those cases of Theorem 1.1
where A is contained in the unipotent radical of a parabolic subgroup whose Levi factor is spherical in G. In the cases where we cannot appeal to spherical Levi subgroups directly, a construction from 1] allows us to apply these results partially.
In the two nal sections we discuss the situation for the adjoint action of P on abelian ideals in the Lie algebra of P as well as a connection between Theorem 3.1 and Mal'cev's classi cation of abelian subalgebras of the Lie algebra of G of maximal dimension 21] .
Both, our classi cation of the maximal closed connected normal abelian subgroups A of B, as well as the fact that in each of these instances B operates on A with a nite number of orbits, are obtained in case studies. It would be highly desirable to have a uniform proof of Theorem 1.1 free of case analysis, even for the expense of some characteristic restrictions.
Notation and Preliminaries
We denote the Lie algebra of G by Lie G or g and the identity element of G by e; likewise for subgroups of G. Let Suppose that G is simple (over its center). A prime is said to be bad for G if it divides the coe cient of a simple root in %, else it is called good for G 37, xI,4] . Furthermore , we say that a prime is very bad for G if it divides a structure constant of the Chevalley commutator relations for G. Thus We may assume that each parabolic subgroup P of G considered contains B. Let N be a closed connected normal subgroup of P in P u . Since N is normalized by T P, i.e., N is T-regular 11], the root spaces of n relative to T are also root spaces of g relative to T, and the set of roots of N with respect to T, denoted by (N), is a subset of . Suppose that (N) is closed under addition in . Note that this is automatically satis ed provided p is not very bad for G. Then n = u ( 2 (N)) and consequently, N = Q U , where the product is taken in some xed order over (N). The support of an element x in N, denoted by supp x, consists of all roots for which the projection N ! U is nontrivial when evaluated at x.
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By the shape of a root = P n ( ) ( 2 ) relative to P, we mean the subsum over the elements of (P u ) = (P u ) \ , and by the level of relative to P, the sub-sum of the coe cients n ( ) over the same set (P u ), cf. 1].
The descending central series of P u is de ned as usual by C 0 P u := P u and C i+1 P u := (C i P u ; P u ) for i 0. Since P u is nilpotent, the smallest integer m such that C m P u = feg is the class of nilpotency of P u , i.e., the length of this series, and is also denoted by`(P u ). If p is not a very bad prime for G, then (C i P u ) consists precisely of all roots whose P-level is at least i + Table 1 Clearly, we may assume that G is simple (over its center) and that A is a maximal closed connected abelian subgroup of B u normalized by B. We have compiled all possibilities for such A in Table 1 in Section 3 above. Since A is B-invariant, the normalizer of A in G is parabolic in G. Throughout this section, we write P = LP u for N G (A) with standard Levi subgroup L. Table 1 where A is generated by a single root subgroup relative to a simple root A is contained in the unipotent radical of a parabolic subgroup Q = MQ u of G whose Levi subgroup M is spherical in G. Hence, by Lemma 4.3 and Theorem 4.1, B M and thus B act on Q u and thus on A with a nite number of orbits. In fact, in each of these events Q = P and A = Q u . In particular, this covers all instances ON NORMAL ABELIAN SUBGROUPS IN PARABOLIC GROUPS 7 for A r , C r , and the rst entries for B r , D r , E 6 , and E 7 . Also, if G is of type B r and A is generated by the root subgroups relative to r and r , then A is (properly) contained in the unipotent radical of the maximal parabolic subgroup Q of G corresponding to n f r g. Here N G (A) is of semisimple corank 1 in Q.
By inspection of the list in Theorem 4.2, one checks that in each of the cases in
This corresponds to the third case listed in Theorem 4.2 which equally applies when p = 2 and then, Q u itself is abelian. This leads to the third B r entry in this table.
5.2. Now we turn to the remaining cases in Table 1 . Here we cannot appeal directly to the results from Section 4. However, a construction from 1] allows us to apply these results in part. Throughout this paragraph, suppose that p is not a very bad prime for G. In each of the cases we are concerned with A = C s P u for some s 1. For each i 2 N de ne V i := C s+i?1 P u =C s+i P u . Because A is abelian, we may regard each V i as a subgroup of A. Let t :=`(P u ) ? s. Then V t = Z(P u ) is the last term in the descending central series of P u . By the commutator relations for G, each root in (V i ) is of P-level s + i. Let Denote by i the set of all roots whose shapes are integral multiples of all the occurring shapes S n i of level s + i. This is a closed semisimple subsystem of , and it contains (L) (the set of roots of shape 0) as a subsystem, since its elements are all multiples of the various S n i 's modulo the integral span of (L). Thus the positive simple system i for i consists of (L) and the n i 's for n 1. Since 2S n i is not the shape of any root in , the union of (V i ) and (L) equals i . Therefore, if G i is the connected reductive subgroup of G corresponding to i (i.e. (G i ) = i ) and containing the maximal torus T, then P i := LV i is the standard parabolic subgroup of G i corresponding to (L) with unipotent radical V i . The number of simple components of G 0 i equals the number of di erent shapes S n i of level s + i. Since V i is abelian, L is a spherical Levi subgroup of G i by Remark 4.4. Thus, the previous results applied to P i = LV i in G i yield that B L has a nite number of orbits on V i for each i = 1; : : : ; t. Therefore, since A = V 1 V t , we are able to conclude our desired niteness statement, once we have proved that (y) there are only nitely many B-orbits passing through each coset of the form vV i V t , where v is in V i?1 n feg, for 1 < i t.
As B = B L P u , one method to establish this is to (possibly) rst replace v by a suitable B L -conjugate v 0 of v and then to show that each element in v 0 V i V t is already conjugate to v 0 under P u . Since P u is connected and unipotent, it has a nite number of orbits on v 0 V i V t precisely if this coset is a single P u -orbit 33]. Sometimes another way to establish (y) is more convenient. Since B = TB u , we rst aim to show that an element of vV i V t is B u -conjugate to an element x which is supported by at most rank G linearly independent roots. Then (y) follows, as each of the coe cients in the root elements of x can be scaled to 1 using the action of T in this event. We combine these techniques with inductive arguments below.
5.3. We rst attend to the remaining classical occurrences. According to 5.1 the only ones left here are the second and fourth entries for B r as well as the last two for D r . Here we use the notation from Section 3. is contained in the unipotent radical of the parabolic subgroup of G corresponding to n f r g (as every root in supp v 2 V 2 has coe cient 2 at r ). If v 2 = e, then vV 2 = v 1 V 2 is contained in the unipotent radical of the parabolic subgroup of G corresponding to n f 1 g (as every root in supp v 1 V 2 has coe cient 1 at 1 ). In each one of these cases, the desired niteness statement follows from 5.1. Now we may suppose that v 1 6 = e 6 = v 2 . But then every element in vV 2 is P u -conjugate to v: Let x = v 1 v 2 x 0 be in vV 2 with x 0 2 V 2 and let be a root of minimal height in supp v 2 . Then for each root in (V 2 ) there is a unique root in (P u ) such that + = . By induction on height we can thus remove x 0 completely using the action of root elements in U . Since 1 is a summand of , any such operation xes v 1 , and thus x is indeed P u -conjugate to v in this event. Thus (y) is ful lled. This completes the argument for the second B r entry.
Next we address the fourth entry for B r . So here p = 2 and A is the normal closure in B of U i , U i , and U , where 2 i r ? 1. Recall that here (A)
is no longer an ideal in (B). Let x be in A. If there is no j in supp x for i j < r, then x is contained in the unipotent radical of the maximal parabolic subgroup corresponding to n f r g (as then every root in supp x has a non-zero coe cient at r ). There are three di erent P-shapes of roots of P-level 2 and the unique roots of minimal height of these shapes are precisely , , and , respectively. passing through an element of A = V 1 V 2 with nontrivial support in V 1 already has a representative in V 1 . The second condition in (}) ensures that every V 2 -factor can be removed using a succession of conjugations by suitable root elements in P u arguing by induction on the height of the roots in (V 2 ). Then, since B L has a nite number of orbits on V 1 and on V 2 , there is a nite number of B-orbits on all of A = V 1 V 2 . The advantage of (}) is that it is a purely combinatorial condition.
One checks that in the exceptional cases with t = 2 the conditions in (}) are satis ed precisely in the second E 6 and E 7 instances, as well as in the rst entries for E 8 , F 4 , and G 2 . Thus, our niteness result follows in these instances provided p 6 = 2 if G is of type F 4 or p 6 = 3 for G 2 . Note that for G 2 only the prime 3 leads to an obstruction here. But in the rst G 2 entry in Table 1 we require that p 6 = 3. 5.4.2. We proceed with the remaining entries for E 6 . By 5.1 and 5.4.1 the niteness result holds for the cases from the rst two entries. Recall that we set P = LP u = N G (A). In the third case (L) = n f 1 ; 5 g; in particular, L is of type A 1 A 3 , A = C 1 P u , and t = 2. Let 1 1 = 11110 0 and 2 1 = 01221 1 . These are the unique roots of di erent P-shapes and minimal height of P-level 2. Note that V 1 1 is the tensor product of the natural modules for the simple factors of L 0 and V 2 1 = k, while V 2 is the dual of the natural module for the A 3 -component of L 0 .
Thus dim V 1 = 9 and dim V 2 = 4. Let v be in V 1 n feg. We consider the set of B-orbits passing through vV 2 . Let N be the intersection of A with the unipotent radical of the parabolic subgroup corresponding to n f 1 g. Then A = U 2 1 N and B acts on N with a nite number of orbits, by 5.1. Thus we may assume that 2 1 is in supp v. But if 2 1 2 supp v, then every element in vV 2 is P u -conjugate to v: Let vx 0 be in vV 2 with x 0 2 V 2 . One checks that for each root in (V 2 ) there is a unique root in (P u ) such that 2 1 + = . By induction on height we can thus remove x 0 completely using the action of root elements in U . Observe that, since 2 1 has coe cient 0 at 1 , each root involved has coe cient 1 at 1 . Thus each operation by a root element from U on vx 0 xes the other factor of v (as it consists of root elements whose support involve 1 ), and so x is P u -conjugate to v in this case, as claimed. Whence (y) is ful lled.
Since the subgroup A from the fourth case for E 6 is conjugate to the one from the third entry by the graph automorphism of G, the result follows readily from the previous discussion by duality.
For the nal entry for E 6 we have (L) = f 2 ; 3 ; 5 g; in particular, L is of type A 3 1 , A = C 2 P u , and t = 3. The three \generating roots" for A are precisely the unique ones of minimal height and distinct P-shapes of P-level 3. Observe that V 1 is the direct sum of three copies of natural modules for the three A 1 -factors of L 0 . Thus dim V 1 = 6, dim V 2 = 4, and dim V 3 = 2. Let v be in V 1 and write v = v 1 v 2 v 3 , where v n 2 V n 1 for n = 1; 2; 3. Let N be the intersection of A and the abelian subgroup studied in the second case. Then A = U 1 1 U 1 1 + 2 N and B acts on N with a nite number of orbits by 5.4.1. Thus we may assume that supp v 1 consists of just one root, i.e., either 1 1 , or 1 1 + 2 . Furthermore, we may also suppose that both v 2 6 = e and v 3 6 = e, as otherwise vV 2 V 3 is contained in the unipotent radical of the maximal parabolic subgroup corresponding to n f 1 g, respectively n f 6 For A from the fourth entry for E 7 we have (L) = n f 3 ; 6 g, so L is of type A 2 1 A 3 , A = C 2 P u , and t = 3. Observe that the two roots de ning A are the unique ones of minimal height of P-level 3 and di erent P-shapes, so we denote them by of either 1 1 , or 1 1 + 1 . Moreover, we may also assume that there is one root in supp v 2 whose coe cient at 5 is 1 (there are two such roots), as else vV 2 V 3 is contained in the abelian subgroup from the third entry. This leads to a small list of possibilities and one checks that in each one of them any element in vV 2 V 3 is conjugate to v under P u , and so (y) is satis ed: Let x = vx 0 be in vV 2 V 3 , with x 0 2 V 2 V 3 . Then one checks that all roots in supp x 0 can be removed except possibly one (it is either %, or % ? 1 , depending on the single root in supp v 1 ).
However, since supp v also contains roots with coe cient 1 at 5 , the single root possibly remaining in supp x 0 can be removed without reintroducing any new ones. Thus x = vx 0 is B u -conjugate to v in this event. We have established (y) also in this case.
Next we consider the sixth case for E 7 . Here (L) = nf 2 ; 7 g, so L is of type A 5 , A = C 1 P u , and t = 2. Let v = v 1 v 2 be in V 1 n feg. Note that V 2 1 is the trivial module k, and thus supp v 2 consists of at most one element. If 2 1 = 123210 2 is not in supp v, then vV 2 is contained in the unipotent radical of the maximal parabolic associated to n f 7 g and we are done. Else, (i.e., when v 2 6 = e) every element in vV 2 is P u -conjugate to v itself: Let x be in vV 2 . For every root in (V 2 ) there is a unique root in (P u ) such that 2 1 + = . By induction on height we can remove the factor of x in V 2 completely using the action of suitable root elements in U . Since 7 must be a summand of , any such operation xes the factor v 1 , and thus x is indeed P u -conjugate to v in this instance. Now let A be as in the fth entry for E 7 . Here (L) = n f 4 ; 7 g, so L is of type A 1 A 2 2 , A = C 2 P u , and t = 3. The two roots de ning A are the unique ones of minimal height of P-level 3 and of di erent P-shapes. We denote them by 1 Finally, we address the last E 7 entry. In this case (L) = f 1 ; 2 ; 4 ; 6 g, so L is of type A 2 1 A 2 , A = C 3 P u , and t = 4. Let v be in V 1 . Let V = V 2 V 3 V 4 . We may suppose that 122111 1 is in supp v (note V 3 1 = k), as else vV is contained in the subgroup we studied in the third case (this also applies for v = e). Furthermore, we may suppose that there is a root in supp v whose coe cient at 3 equals 1, else vV is contained in the abelian subgroup from the second entry (there are four such roots). These two conditions together already lead to a small list of possible con gurations in this event, and it turns out that then every element in vV is already P u -conjugate to v: Let x = vx 0 be in vV with x 0 2 V . Since 122111 1 is ON NORMAL ABELIAN SUBGROUPS IN PARABOLIC GROUPS 13 in supp v, all but possibly one of the roots in supp x 0 can be removed using root subgroups from P u . The remaining root in supp x 0 can then be removed by acting on one of the root elements in v relative to a root with coe cient 1 at 3 without introducing any new roots from (V ). Thus we have (y) also in this case. This completes the discussion for E 7 .
5.4.4. For E 8 the niteness result for the rst case follows from 5.4.1. We treat the remaining 7 cases again in the same inductive manner as done for E 6 and E 7 .
In the second case (L) = n f 5 g, so L is of type A 3 A 4 , A = C 2 P u , and t = 3.
Here dim V 1 = 20, dim V 2 = 10, and dim V 3 = 4. Let v 1 be in V 1 . We may suppose that there is a root in supp v 1 whose coe cient at 7 equals 1, as else v 1 V 2 V 3 is contained in the subgroup from the rst case (also for v 1 = e). There are 10 such roots. Using the action of (B L ) u we may suppose that there are at most two such For A as in the third entry (L) = n f 2 g, so L is of type A 7 , A = C 1 P u , and t = 2. Here V 1 is the alternating square of the natural module of A 7 , thus dim V 1 = 28 and V 2 is the 8-dimensional natural A 7 -module. Let v be in V 1 . We may suppose that there is at least one root in supp v whose coe cient at 5 is 2, as otherwise vV 2 is contained in the subgroup studied in the second case. There are just 6 such roots in (V 1 ). We may further suppose that there are at most two such orthogonal roots in supp v. If needed, the other four can be removed using suitable root elements from B L . Now let x = vx 0 be a B-orbit representative in 5.4.5. We proceed with the remaining events for F 4 . The desired result for the rst entry in Table 1 we can argue as above, provided there is a long root in supp v 1 . Consequently, we only need to consider the case when v 1 is supported entirely on short roots. Since any two short roots in (V 1 ) span a subsystem of Dynkin type A 2 (and the structure constants in the corresponding group are 1), we may assume (possibly after using the action of (B L ) u ) that v 1 is a single short root element. Thus, any element in v 1 V 2 = v 1 U 1342 U 2342 is supported by at most three linearly independent roots, and we can use the action of the torus T in B to obtain a nite set of orbit representatives in this case as well.
Next we turn to the remaining F 4 cases. It is advantageous to rst consider a particular normal abelian subgroup of B which, although not maximal, still ts the setting of 5.2. Namely, let V be the normal closure in B of U , where = 0122. Let P = N G (V ). Then P = LP u is the maximal parabolic subgroup of G of type B 3 , V = Z(P u ), and dim V = 7. We can apply the same construction as in 5.2. Let 1 be the closed semisimple subsystem of formed by (L) together with (V ) and positive simple system consisting of (L) and . Let G 1 be the semisimple subgroup of G corresponding to 1 6. Abelian ideals of Lie P Let G, P, and A be as in the Introduction. If char k is zero, then the exponential mapping is a P-equivariant morphism between a = Lie A and A. If char k is a good prime for G, we can make use of Springer's map ' : U ?! N between the unipotent variety U of G and the nilpotent variety N of g which is a G-equivariant bijective morphism (see 35]), and, upon \restriction" of ' to A, we obtain a P-equivariant bijective morphism from A onto a, e.g., see 31, Theorem 4.1]. Note that a is an abelian ideal in p. Consequently, we get a statement analogous to Theorem 1.1 for the adjoint action of P on P-invariant linear subspaces of Lie P u which are abelian as subalgebras of p. Thanks to a result of Pyasetskii 27] , which is also valid in positive characteristic, we also obtain a statement for the coadjoint action of P on a similar to Theorem 1.1.
The characteristic restrictions for the adjoint action can be removed completely in the exceptional cases in Table 1 by employing the computer algorithm outlined in 14]. This algorithm is valid provided p is not very bad for G. The remaining cases when p = 2 for F 4 and G 2 can be veri ed directly.
Abelian subalgebras of g
In 21] A.I. Mal'cev determined all abelian subalgebras of maximal dimension in each simple complex Lie algebra g, up to G-conjugacy, extending work of I. Schur 34], i.e., the special case for sl n (k).
We give an approach to Mal'cev's result in arbitrary characteristic utilizing the information in Table 1 Considering the particular case when s is an abelian subalgebra of g, the maximal possible dimensions of these can be read o from Table 1 above by the aforementioned construction. Comparing the information in this table with Mal'cev's list, we observe that in all instances, with the exception of G 2 , every abelian subalgebra of g of maximal dimension is itself conjugate to an abelian ideal of b under G (provided p is not very bad for G). In G 2 there are three classes of abelian subalgebras of g of maximal dimension 3 (p 6 = 2); but there is only one such class containing the abelian ideal Lie A of b, where A is as in Table 1 .
Although, it is not directly related to the questions addressed in this paper, we should like to mention recent work of B. Kostant 19] 
